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Abstract. The interval neutrosophic set plays an important role to handle indeterminacy and 
inconsistency of information during decision making process. Recently, the interval 
neutrosophic vague sets have been proposed as an extension of the neutrosophic sets. Similar 
with other sets, this newly proposed set have to fulfill some algebraic operations. This paper 
aims to present algebraic operations for the interval neutrosophic vague sets. Some algebraic 
operations on interval neutrosophic vague set are introduced. Specifically, algebraic operations 
of addition, multiplication, scalar multiplication and power for the interval neutrosophic vague 
sets are presented. In addition, several related examples are also presented together with 
supporting proofs. 


1. Introduction 

The uncertain theories such as fuzzy set theory [1], vague set theory [2] and rough set theory [3] are 
developed to solve imprecise and uncertain information that arise in decision making process. However, 
the problem with all these theories is they do not handle the indeterminate and inconsistent information. 
Therefore, Smarandache introduced a new theory namely neutrosophic set (NS in short). The NS is a 
new mathematical tool for dealing with problems involving incomplete, indeterminate and inconsistent 
information. A neutrosophic set consists of three membership functions which are truth-membership 
function (T), indeterminacy-membership (I) function and falsity-membership function (F). All these 


memberships lied in bur , the non-standard unit interval [4]. However, this unit interval is difficult 


to apply in the real applications. Therefore, single valued neutrosophic set (SVNS) was proposed Wang 
et al., [5]. The operations and relations between two SVNSs are defined namely subset, equality, 
complement, union and intersection. Meanwhile operations between two SVN-numbers are formulated 
by Liu and Wang [6]. These operations including addition, multiplication, scalar multiplication and 
power. 

Recently, researchers have shown an interest on research and application of a neutrosophic set. 
Different sets were rapidly developed and proposed in the literature such as [7-14] etc. These extensions 
of neutrosophic set have been used in many areas such as aggregation operators, decision making, image 
processing, information measures, graph and algebraic structures [15]. Karaaslan and Hayat [16] 
developed the concept of single valued neutrosophic matrices and operations of SVN-matrices were 
discussed. Meanwhile, Ali and Smrandache [7] proposed a complex neutrosphic set which is an 
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extension of complex fuzzy set. Ali et al., [14] proposed a new notation on interval complex 
neutrosophic set (ICNS) since complex neutrosophic set cannot deal with unclear and vague 
information. ICNS is defined along with several set theoretic operations and the operational rules. Ye 
[17] proposed trapezoidal neutrosophic set based on combination of trapezoidal fuzzy number and a 
SVNS. Some operational rules, score and accuracy for this set is defined. In line with these 
developments, the purpose of this paper is to define new algebraic operations on newly defined interval 
neutrosophic vague set as a novel notation [18]. This study also generalizes the basic properties of these 
operations such as commutative law and relevant law. This paper is organized as follows. We first 
present the basic definition of neutrosophic set and single value neutrosophic set that are useful for 
discussion. We then establish a new concept of interval neutrosophic vague set and define its algebraic 
operations with illustrative example. We also present some related properties and supporting proofs. 
Finally, we conclude the paper. 


2. Preliminaries 
In this section, neutrosophic set and INVS are presented. 


2.1 Single Valued Neutrosophic Set (SVNS) 
Definition 2.1 [5] 
Let X be a universe of discourse. Then a neutrosophic set is defined as follows: 


A= {x,(T4(x)14(2),Fy(x)):xeX} 


which is characterized by a truth-membership function, an indeterminacy membership function and 
falsity-membership function where 7;/;F :X > bal and 07 <Tj(x)+14(x)+Fy(x)<3*. 

For application in real scientific and engineering areas, Wang et al., proposed the concept of a single 
valued neutrosophic set as follows: 

Operations between two SVN-numbers are defined by [6]. It is recalled as follows: 


Let x= (Fe i3F) and y= (ELF) be two SVNS, then the operations are defined: 


i x®ya(Vt+T,-1.T,1 bh, FF). 

i, OyS(G tlh bh ht hor B). 
ii, ax=(-a-7)1.77.F’). 

We waa edt ia aaa). 


2.2 Interval Neutrosophic Sets 

Definition 2.2 [19] 

An interval neutrosophic set (INS) Ain X is characterized by truth-membership function 7, (x), 
indeterminacy membership functions /,(x) and falsity-membership functions F(x) defined as 
follows: 


For two IVNS, 


Ans = (sri ery (x)} 


Byys = (wl rf (Mh O1 
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2.3 Interval Neutrosophic Vague Sets 
Definition 2.3 [18] 


An interval valued neutrosophic vague set Aj, is also known as INVS in the universe of discourse 


X . An INVS is characterized by truth membership, indeterminacy membership and falsity-membership 
functions defined as: 


Ay = plTE (FY (TE CTY (| [FE () FY (xox x} 


7G)=[re re | oe re, TH a)=[1 a |. 7Y (=| 1" [ana 


AG)-[ FF | FY (—)=[Po ee nets 


1) fe a1=PF" =F S1-7 
Dy PO Sipe pet a1 ree 
By OST eT a et Oe a eae 
A ep gO ee ee ea 


Definition 2.4 [18] 
Let ® jy be an INVS of the universe X where Vx; ¢ X , 


eae (x) = [1], ee = [11] ’ 


16 yy (*)=[0.0], 15, («)= [0.0], 


Foy, (x)=[0.0], Fo, (2)=[0.0]. 


Therefore, D jy is called a unit INVS where 1<i<n. 


Definition 2.5 [18] 
Let Ojyy be an INVS of the universe XY where Vx; € X , 


(cae (x) = [0.0] ? me = [0.0] ? 
Is (x) 7 [1] ? IS (x) = [11] ? 
Fy. (x)= [Ll], Fy, (x)= [Li]. 


Therefore, 6 yy is called a zero INVS where 1<i<n. 


3. Operations for Interval Neutrosophic Vague Sets 


3.1. Basic Algebraic Operations on Interval Neutrosophic Vague Sets 

In this section, we introduce some new algebraic operations on INVS based on the operations of SVNS. 
The algebraic operations on INVS such as addition, multiplication, scalar multiplication and power 
operations are defined as follows: 
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Definition 3.1 


Let 4=({[7/ Te | [re Teh Ait Sraalleg 1+ | fee Fil [pu FU" }}) and 


a= (fs Soaalied re |\ lt |e 1+) Vee FE [pv FE" ]}) be two INVS. 


The INVS addition denoted as 4 @ B are defined as follows: 


4@8=(\[r! ee ae ae re rere | [re + Te- 7 e-gl Tut 47 perp | 


{ree e *| [rere | le | age ae ak Jae Fy Fre | 


Definition 3.2 


vet 4= (ffi. neon" let ae Naa ate Rene" ]}) ana 


B= (le cf |e re |\ be |e | Mee FE [RY FE *]}) be two INS. 


Then, INVS multiplication denoted by 4 @ B is defined as follows: 


A@B= apc rere | rere ree le +150 Hy Tay 115" |, 
[rv ey eae Cae ee Salas a ore | lee i Se pe Pe epee Bes | 
lA’ + FU> — pU- pl put 4 pt put pt : 


Definition 3.3 


bet 4=({[nt oni Yee?" le lee la ae [Rene ana 


B=({[r Te | [re re |\ be |e 1+ || ee FE [ev FE") be two INVS. 


Then, INVS scalar multiplication denoted by 24 is defined as follows: 

aol (ne bane fi h-ae Pra EP Cee GY) 
(eV. Faeyr} ja e.a>o}), 

Definition 3.4 


vet A= (frit nen" lee ae Naa late | nen" ]}) ana 


B=({[r Te | [re re |\ be |e 19+] ee FE [py FE") be two INVS. 
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Then, INVS power denoted by 47 is defined as follows: 
ol (fOr PGF [er 6e°¥ Jp Poa Fp te Paha 
{l - (-re} a -( -Ai*} [i ( ad i ( -AY fa ER A> 0} 


To illustrate these operations, examples are given and we recall Definition 3.1, 3.2, 3.3 and 3.4. 


Example 3.1: Let 4 =({[0.2,0.5],[0.2,0.3]}.{ [0.1,0.6].[0.3,0.6] }. { [0.5,0.8],[0.7,0.8] }:x—<X) 

and B=({[0.2,0.6],[0.4,0.9] }. {[0.5,0.5],[0.3,0.6] }.{ [0.4,0.8],[0.1,0.6] }: x eX), then the INVS 
addition operation is given as follows: 

By Definition 3.1, 

A@B= ({ [0.2 + 0.2 -(0.2)(0.2),0.5+ 0.6 -(0.5)(0.6) ],[ 0.2 + 0.4 -(0.2)(0.4),0.3 +0.9-(0.3)(0.9) ]}, 


{[(0.1X0.5), (0.6X0.5)} (0.30.3), (0.6)(0.6)] }. {[(0.5)(0.4), (0.8)(0.8)} [(0.7X0. 1), (0.8)(0.6)]}) 


= ({[0.36,0.8],[0.52,0.93] }.{[0.05,0.3].[0.09,0.36] }.{ [0.2,0.64], [0.07,0.48]}}, 


and we check the INVS addition as follows: 
From Definition 2.3 we have, 7’* =1-F’ =0.8+0.2=1, FE =1-T’ =0.64+0.36=1, 


FU =1-TY* =0.074+0.93=1 and TY =1-F"" =0.5240.48=1. 


Using condition OST" 47° 4r ai" aR are Sa. therefore, we have 
0.36 +0.52 +0.05+0.09+0.2+0.07=1.29 and~0<7T2 470 4787 4707 4 FE 4 RU cat, 
therefore, we have 0.8 + 0.93 +0.3+ 0.36+ 0.644 0.48 =3.51. 


The calculation for INVS multiplication, scalar and power is calculated similarly as follows. 


Example 3.2: 
Consider Example 3.1. Then by Definition 3.2, the INVS multiplication between Aand B as follows: 


A@B= ({ [ (0.2)(0.2),(0.5)(0.6) ].[ (0.2)(0.4),(0.3)(0.9) | },{ [0.1+ 0.5 -(0.1)(0.5) ],[ 0.6 + 0.5 -(0.6)(0.5) | 
[0.3 + 0.3-(0.3)(0.3) ],[ 0.6 + 0.6 - (0.6)(0.6) |},4 [0.7 + 0.1-(0.7)(0.1),0.8 + 0.6 - (0.8) (0.6) | }\ 
= ({[0.04,0.3].[0.08,0.27] }.{[0.05,0.8].[0.51,0.84] }. {[0.7,0.96].[0.73,0.92]}). 


Example 3.3: 
Consider Example 3.1. Then by Definition 3.3, if 2=2 we have 


A= ( [1-(1-0.2)* 1-(1-0.5)° },[1-(1-0.2)°,1-(1-0.3)" ]} f[(0.1)°,(0.6)° },[(0.3)°.(0.6)"]}.{[(0.5)°.(0.8)"] 
(0.7), (0.87)| ) 


= ({[0.36,0.75],[0.36,0.51] }.{ [0.01,0.36].[0.09,0.36] }, { [0.25,0.64],[0.49,0.64] }). 
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Example 3.4: 


Consider Example 3.1. Then by definition 3.4, if 2 =2 we have 


4* =({[02).0.57][o27,(03 Ph h-( 1- 0.1 1-006) }h-@-03) |h-(-0.6)]f 
ih (1-0.5F,1-(1 0.87 |h- (1-0.77- (1-0.8)|} 


= ({[0.04,0.25] [0.04,0.09]}, {[0.36,0.84] [0.51,0.84]} {[0.75,0.96} [0.91,0.96]}). 


Theorem 1 
Let A and Bbe two INVS and 2.1,,4, >0. Then 
i. A®B=BOA 
il. AS®B=BOA 
iii. A(A@®B)=AA@AB 
v. AN @A® = Att? 
A 
vi. A* @B*=(4@B) 
Proof (i), (ii), (iv) and (vi) are obvious; thus we prove the others. 
Proof (iii) 
By definition 3.1 and definition 3.3, we have 


4B =(([r +Ty -(r? \r} ae +e (7) 
are re r8—OeHe NMo Ve Ve) 
[er Nlee” er Vas Della Ver Me Mer lee Mer Vat Mer Jp 
aa@a)=({fi-L- + Ty -(ré \rz abi +n (lee IF | 
[fee ere ee lee fae «ne lee FT 
ceca ca caal cCa aaa 
[leer Ve ery flee MeV leery} 


We solve truth membership functions: 


Sa ee -Ty + (ne \rt I 
=1-[t-74 jot hi-7} I 
=1-ft-n-ht-7 Jf 


By similar calculation, therefore we get 


A(A® B)= ({ -7 i -Ty I A ( -7* in ae al 
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[i—ft-neft-ne- fa L-ne ene] 
(OE CES Ove vere yy 


ed for identity and falsity terms, since ((r#~}(r4-])' =(72- W-Y’, 


I TTA PEP ow i be Hert 


n the similar manner, hence we get 


alten natn he Pp tae tre Pata hey] 


Proof (v) 
By ‘efinition 3.2 and definition 3.4, we have 


Hore (er har hr Geyerk [ayer h Gey ary |} 
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[(0-b-ah P)o(-t ea (4 Ht bee. 
PP )e(1- 1) 


. 

bt) . ria i , f. ‘ i PcbeweP) 
ire fy [1- (22 *})- ( aber? “i (- tas) | 
ee 
pee!) 
( 


y 
TS 
+ 
aa 
= 
< 
ed 
NN 
| = 
Sg — ] 
a “STS Re Se 
+ 
Fi 
oy 
~< 
ae 
| Cee! | 


tia 
-2-(f-1}*}+(Q-2 (1-0-1? _ ye ya yt-Y2 
=2-((-1)")-(G-a)*)-14((-ae eae (a MC -i P 
Sots neis)-. 

woah ery Tee hee? 
f -|- HY ae |e dat +e 
1 - [(- jie ‘il WP h(n PO rb ak 
{}!- [(- FEY" (Re yh [t- fae (er | 

f 


[ta Powe Piatt ae Tp 


Now A41*”2 by using definition 3.4, we have 


Ay+A 
Ata L- mL U- mU L- 7L U- 7U L- pL U- pU 1°42 
7 aie =({7 7, “hr 7 “he Ralf af “hr Fy “WF A }) 


— 


ee 
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= {flee Ye ey Vee fo eee UL fib ae faa] 
[ Aer eis Hatt Jone ieee | 
| | 


Il 
— 
— 
— 
a! 
mn 
= 
fire! 
i 
2 nN 
> 
Ww 
+ 
= 
> 
Bw 
+ 
iN) 
Lt 
—m. 
JS 
i 
—s= 
> 
i 
NS) 
fin 
Go 
+ 
= 
> 
gq 
+ 
ws 
re 
es 


fi-[(-ar}h-at}* -[t-aet-ar || 
f1-[b-APPo-ae -[t-neo- ae} I} | 


Ata 
2 ae ee | — Te ete et | [pe }) ray 


= A4*” | This completes the proof. 


4. Conclusion 

In this paper, we defined some new operations on interval neutrosophic vague set under neutrosophic 
environment. The basic algebraic operations on interval neutrosophic vague sets namely addition, 
multiplication, scalar multiplication and power along with illustrative examples were presented. 
Subsequently, the basic properties of these operations such as commutative law and relevant laws are 
mathematically proven. This new extension will broaden the fundamental knowledge of existing set 
theories and subsequently could be applied to real life experiments where truthness, indeterminacy and 
falsity could be dealth with. 
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